SCHRODINGER OPERATORS WITH S AND (5'-POTENTIALS 
SUPPORTED ON HYPERSURFACES 



JUSSI BEHRNDT, MATTHIAS LANGER, AND VLADIMIR LOTOREICHIK 



Abstract. Sclf-adjoint Schrodingcr operators with S and (5'-potcntials sup- 
ported on a smooth compact hypcrsurface are defined exphcitly via boundary 
conditions. The spectral properties of these operators are investigated, regu- 
larity results on the functions in their domains are obtained, and analogues of 
the Birman— Schwinger principle and a variant of Krein's formula are shown. 
Furthermore, Schatten-von Neumann type estimates for the differences of the 
powers of the resolvents of the Schrodinger operators with <5 and ^'-potentials, 
and the Schrodinger operator without a singular interaction are proved. An 
immediate consequence of these estimates is the existence and completeness of 
the wave operators of the corresponding scattering systems, as well as the uni- 
tary equivalence of the absolutely continuous parts of the singularly perturbed 
and unperturbed Schrodingcr operators. In the proofs of our main theorems we 
make use of abstract methods from extension theory of symmetric operators, 
some algebraic considerations and results on elliptic regularity. 



1. Introduction 

Schrodinger operators with S and ^'-potentials supported on hypersurfaces play 
an important role in mathematical physics and have attracted a lot of attention in 
the recent past; they are used for the description of quantum particles interacting 
with charged hypersurfaces. In this introduction we first define the differential 
operators which are studied in the present paper. Furthermore, we state and explain 
our main results on the spectral and scattering properties of these operators in 
an easily understandable but mathematically exact form in Theorems A-D below. 
Although the remaining part of the paper can be viewed as a proof of these theorems 
we mention that Sections 3 and 4 contain not only slightly generalized versions of 
Theorems A-D but also other results which are of independent interest. 

In the following let E be a compact connected -hypcrsurface which separates 
the Euclidean space R" into a bounded domain fJi and an unbounded domain flc 
with common boundary dfle = dVli = S. Denote by the ^-distribution supported 
on S and by S'^ its normal derivative in the distributional sense with the normal 
pointing outwards of fli. The main objective of the present paper is to define and 
study the spectral properties of Schrodingcr operators associated with the formal 
differential expressions 

(1.1) £s,c.-= -A + V ~a{6^,-)S^ and Cs',p -.^ ~A + V - /3 {5'^, ■) 5'^. 
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Here V £ L°°(M") is assumed to be a real-valued potential and a,/? : S — !■ M are 
real-valued measurable functions, often called strengths of interactions in math- 
ematical physics. In order to define the Schrodingcr operators with 6 and S'- 
intcractions rigorously, it is necessary to specify suitable domains in which 
take into account the 6 and (^'-interaction on the hypcrsurfacc S. In our approach 
this will be done explicitly via suitable interface conditions on S for a certain func- 
tion space in L^(IR"). One of the main advantages of our method compared with 
the usual approach via semi-bounded closed sesquilinear forms (see, e.g. [18, 30]) is 
that (5'-interactions can be treated without any additional difficulties. 

Throughout the paper we write the functions / G ^^(M") in the form / = /i©/c 
with respect to the corresponding space decomposition L^(rii) L^{^lc)- For the 
definition of Schrodinger operators with S or ^'-potentials we introduce the following 
subspaces 

{/i e H^/^in,)-- A/i e L^m}, 

of the Sobolev spaces i/'^/^(rii) and H'^/^{Qc), respectively, and their orthogonal 
sum in L'^ (&."■): 

cf. [2, 59] and Sections 2.3 and 2.4 for more details. The trace of a function 
/i G H^'^(Cli) and the trace of the normal derivative d^.fi (with the normal i^j 
pointing outwards) are denoted by /ijj; and respectively. Similarly, for the 

exterior domain and /c G H^^{nc) we write /o|s and d^^fd^; here Vc and are 
pointing in opposite directions. 

The main objects we study in this paper are the operators given in the following 
definition, which are associated with the formal differential expressions in (1.1). 

Definition. Let a G L°°{Y,) be a real-valued function on S. The Schrodinger 
operator As, a corresponding to the 6 -interaction with strength a on T. is defined as 

As^af ■■=-Af + Vf, 
domA,,„ := |/Gi?i/'(R"\I]) : „, ^^Tf^^twi l 

Let P be a real-valued function on E such that 1//3 G L°°{T,). The Schrodinger 
operator Agi^f^ corresponding to the S' -interaction with strength P onT, is defined as 

A,,,f,f := -A/ + Vf, 

The boundary conditions in the domains of Ag^a and Asi_p fit with the formal 
differential expressions in (1.1). In order to see this for As^a we introduce the closed 
symmetric form 

asAf^a] = (V/, Vg)L2(R„.c>.) {Vf,g)L^R^) - {af\s,g\^)L^s) 

on iJ^(]R"). Further making use of the boundary conditions /ils = /e|s and a/ijs = 
du^fds + d^-fils for / G dom As^a and the first Green's identity a simple calculation 
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yields 

for all g S iy^(M"). This also shows that As^a coincides with the self-adjoint 
operator associated with the closed symmetric form as^a', cf. Proposition 3.7 for 
more details. The quadratic form method has been used in various papers for the 
definition of Schrodinger operators with (5-perturbations supported on curves and 
hypcrsurfaces. We refer the reader to [18] and the review paper [30] for more details 
and further references; we also mention [19, 28, 29, 32, 33, 34, 35, 39, 58] for studies 
of eigenvalues, [16, 31, 38, 70] for results on the absolutely continuous spectrum, 
and [6, 36, 37, 40, 41, 54, 60, 67] for related problems for Schrodinger operators 
with (5-perturbations. We point out that the quadratic form approach could not 
be adapted to the J'-case so far; see the open problem posed in [30, 7.2] and our 
solution in Proposition 3.15. For completeness we also mention that the above 
definitions of the differential operators As^a and As>^i3 are compatible with the ones 
for one-dimensional S and 5'-point interactions in [3, 4]. 

In the next theorem, which is the first main result of this paper, we obtain some 
basic properties of the Schrodinger operators As^a and As'^fj. Here also the free or 
unperturbed Schrodinger operator 

^free/ - - A/ + Vf, dom ^f,ee = (M") , 

is used. It is well known and easy to see that ^fico is semi-bounded and self-adjoint 
in L^(M"). Recall that the essential spectrum o'oss(^) of a sclf-adjoint operator A 
consists of all spectral points that are not isolated eigenvalues of finite multiplicity. 
The statements in Theorem A below arc contained in Theorems 3.5, 3.11, 3.14 and 
3.16 in Sections 3.2-3.4. 

Theorem A. The Schrodinger operators As^a eind A^'ji are self-adjoint operators 
in L^(R"), whieh are bounded from below, and their essential spectra satisfy 

If V = 0, then i7ess(^5,Q) = cross (^(5',^i) = [0, oo) and the negative spectra of the 
self-adjoint operators Ag^a o,rid Agi^p consist of finitely many negative eigenvalues 
with finite multiplicities. 

It is not surprising that additional smoothness assumptions on the functions a 
and /? in the boundary condition yield more regularity for the functions in dom Ag^a 
and dom. Agi^p. The H^-case is of particular importance; see also [17] where the 
Laplacian on a strip was considered. The next theorem follows from Theorems 3.6 
and 3.12. The Sobolev space of order one of L°°-functions on S is denoted by 
VFi'°°(S]). 

Theorem B. If a € W'^'°°{Y,), then dom^i-^„ is contained in H'^{fli) ® i/^(f2o). 
//1//3 e W^'°°{T,), then dom As',/3 is contained in H'^ [ni) ® H'^ [rie) . 

The fact that the essential spectra of the operators Aga, Ag/jj and Afy^c in 
Theorem A coincide, follows from the observation that the resolvent differences 
of these operators are compact. Roughly speaking this is a consequence of the 
compactness of the hypersurface E and Sobolev embedding theorems. However, as 
can be expected from the classical results in [12] (see also [10, 13, 14, 23, 49, 52, 53, 
61]) more specific considerations yield more precise Schatten-von Neumann type 
estimates for the differences of the resolvents and their integer powers, which then 
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in turn imply existence and completeness of the wave operators of the scattering 
pairs {As.a, Airco} and {As'.js, Ahcc}; see, e.g. [56, 65, 72] for more details and 
consequences. 

Recall that a compact operator T is said to belong to the weak Schatten-von 
Neumann ideal &p^oo if the sequence of singular values Sfe. i.e. the sequence of 
eigenvalues of the non-negative operator (r*T)^/^, satisfies Sk = 0(fc~^/^), fc — >■ oo. 
Note that ©p,oo C &p' for all p' > p, where ©p' is the usual Schatten-von Neumann 
ideal; cf. Section 2.1. 

Theorem C. For the self-adjoint Schrddinger operators As^a CLnd As'^p in L^(M") 
the following statements hold. 

(i) For all X € p{As,a) H p(^froc) we have 

and, in particular, the wave operators for the pair {As.a, Ai^-ae} exist and 
are complete when n = 2 or n = 3. 

(ii) For all A G p{As'^i3) H p{A[i-cc) we have 

{As>^ - A)-i - (Af,,, - A)-i G e^,oo: 

and, in particular, the wave operators for the pair {Agr j^, Aii-^^} exist and 
are complete when n = 2. 

The scattering theory for operators with (5-potentials in the two-dimensional case 
is partially developed in [36]. In higher dimensions it is necessary to extend the 
estimates to higher powers of resolvents as we do in the next main theorem un- 
der an additional local regularity assumption on the potential V. In particular, 
for sufficiently smooth V this implies the existence and completeness of the wave 
operators for the scattering pairs ^froe} and {As'^p, Afj-ee} in any space di- 

mension. For fc G No the subspace of L°°(E") which consists of all functions that 
admit partial derivatives in an open neighbourhood of the hypersurfacc S up to 
order fc in is denoted by W^'°°{W). 

Theorem D. Let the self-adjoint Schrddinger operators Ag^a cind Ag'^p be as above, 
and assume that V G ly^"" '""(R") for some TO G N. Then the following state- 
ments hold. 

(i) For all I = 1,2, ... ,m and A G p{As^a) n p{A{^cc) we have 

{As.a - A)-' - (^frcc - A)-' G 6^ ^, 

21 + 1 

and, in particular, the wave operators for the pair {Ag a, A{^cc} exist and 
are complete when 2m — 2 > n — 4. 

(ii) For all I ^ 1,2, ... ,m and A G p{As'jj) D p{Ahcc) we have 

{As,,p - A)-' - (^frcc - A)-' G 6^_^, 

and, in particular, the wave operators for the pair {Agi^fj, Af^-cc} exist and 
are complete when 2m — 2 > n — 3. 

Note that, for m = 1, Theorem D reduces to Theorem C. The proof of Theo- 
rem D is essentially a consequence of Krein's formula, some algebraic considerations 
and results on elliptic regularity. The statements in Theorem D are contained in 
Theorems 4.3, 4.5 and Corollaries 4.4, 4.7. 
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The paper is organized as follows. Section 2 contains preliminary material on 
Schatten-von Neumann classes, general extension theory of symmetric operators 
and function spaces. In particular, we prove some useful abstract lemmas on re- 
solvent power differences in Section 2.1. Furthermore, in Section 2.2 we collect 
basic facts about quasi boundary triples — a convenient abstract tool from [8, 9] 
to study self-adjoint extensions of symmetric partial differential operators — and 
recall a variant of Krein's formula suitable for our purposes. Section 3 is devoted 
to the rigorous mathematical definition and the investigation of the spectral prop- 
erties of the operators As^a and Ag'^p. In Sections 3.2 and 3.3 we provide proofs of 
self-adjointness and sufficient conditions for i7^-regularity of the operator domains, 
cf. Theorems A and B, and we discuss variants of the Birman-Schwinger principle 
for the description of eigenvalues of the self-adjoint operators As^a and As'^p. All 
these results are obtained by means of suitable quasi boundary triples constructed 
in these sections. Section 3.2 is accompanied by a comparison with the sesquilinear 
form approach to Schrodinger operators with ^-potentials on hypersurfaces. In Sec- 
tion 3.4 wc obtain basic spectral properties of the self-adjoint operators As, a and 
As'^p such as lower semi-boundedness and finiteness of negative spectra if V = 0. 
Section 4 contains our main results on Schatten-von Neumann estimates from The- 
orems C and D for resolvent power differences of operators Ag^a, Agi^p and Af-^ce- As 
a direct consequence of these estimates we establish the existence and completeness 
of wave operators for certain scattering pairs arising in quantum mechanics. 

We emphasize again that the results in the body of the paper are sometimes 
stronger than in the introduction. Several theorems of their own independent in- 
terest are formulated only in the main part. We also mention that many of the 
results in the paper extend to more general second order differential operators with 
sufficiently smooth coefficients and also remain to be true under weaker assump- 
tions on the smoothness of the hypersurface E; in this context we refer the reader 
to the recent papers [1, 7, 43, 44, 45, 46, 63] on elliptic operators in non-smooth 
domains. 

2. Preliminaries 

This section contains some preliminary material that will be used in the main 
part of the paper. In Section 2.1 we first recall some basic properties of Schatten- 
von Neumann ideals and we prove an abstract lemma with sufficient conditions for 
resolvent power differences to belong to some Schatten-von Neumann class. The 
concept of quasi boundary triples and their Weyl functions from general extension 
theory of symmetric operators is briefly reviewed in Section 2.2. Sections 2.3 and 2.4 
contain mainly definitions and notations for the function spaces used in the paper. 

2.1. 6p and ©p_oo-classes. Let % and Q be separable Hilbert spaces. The space of 
bounded everywhere defined linear operators from % into Q is denoted by B{%, G), 
and we set B{H) '■= B{'H,'H). The ideal of compact operators mapping from T-L 
into Q is denoted by &oo{'H,Q)^ and we set ©oo(H) := 6cx)(^,'H). We agree to 
write &00 when it is clear from the context between which spaces the operators 
act. The singular values (or s -numbers) Sk{T), /s = 1, 2, . . . , of a compact operator 
T S ©oo('H, S) are defined as the eigenvalues of the non-negative compact operator 
(T*T)^/^, enumerated in non-increasing order and with multiplicities taken into 
account. Recall that the singular values of T and T* coincide; see, e.g. [47, II. §2. 2]. 
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The Schatten-von Neumann class of operator ideals 6p and the weak Schatten-von 
Neumann class of operator ideals 6p.oo are defined as 

^ k=i ^ P> 0] 

6p,oo := {re&o.: Sfc(T) = 0(fc-i/P), k ^ oo}, 

they play an important role later on. We refer the reader to [47, III. §7 and III. §14], 
[69, Chapter 2] and to [15, Chapter 11] for a detailed study of the classes &p and 
&p,oo- If a compact operator T G &oo{'H,G) belongs to &p or &p.oo, then we also 
write T £ 6p{H,G) or T e ©p,oo(H,^/), respectively, if the spaces H and Q are 
important in the context. Moreover, we set 

ep-Gq {T1T2: Ti € 6p,r2 G 6,}, 

The proof of the next statement can be foimd in [15, 47] and, e.g. [11, Lemma 2.3]. 

Lemma 2.1. Let p,q,r,s,t > 0. Then the following statements are true: 

(i) &p ■ &q = &r and &p,oo ■ &q,oc — ©r.oo when p^^ + q^^ = r^^ , or, equiva- 
lently 

& 1 ■ 6 1 = & 1 and 6i-„-(5i„=Si „; 

7 7 7+t 7-°° t'°° 7+7' 

(ii) If T E &p, then T* G <Sp; ifTQ &p,oo, then T* G ©p.oo/ 

(iii) &p C ©p,oo and ©p'.oo C ©p for all p' < p. 

Let H and K be linear operators in a separable Hilbert space H and assume that 
p{H) n p{K) 7^ 0. In order to investigate properties of the difference of the mth 
powers of the resolvents, 

(i7 - A)-" - (i^ - A)-™, \e p{H)np{K), togN, 

recall that, for two elements a and b of some non-commutative algebra, the following 
formula holds: 

m— 1 

(2.1) a'"-&'"= ^a™-'^"i(a-6)&'=. 

fc=0 

Substituting a and b by the resolvents of H and K, respectively, and setting 

(2.2) T,„.fc(A) {H - A)-(™-^-i) ((i/ - A)-i - (/v - X)-') {K - A)-'= 

for A G p(-ff) n p{K), m G N and = 0, 1, . . . , m — 1, we conclude from (2.1) that 

m — 1 

(2.3) {H - A)-" - {K - A)-™ = ^ r„,fe(A) 

A;=0 

holds for all A G p{H) n p(A') and to G N. In the next lemma we show that 
{H - A)-'" - {K - A)-'" belongs to ©p,oo for aU A G p{H) n p{K) if all the operators 
T'm,o(Ao),T„,i(^o), • ■ . ,r„,„j_i(Ao) belong to ©p,oo for some Aq G p{H)r\p{K). In 
the case to = 1 the statement is well known. We note that the statement holds in 
the same form if the class ©p,oo is replaced by any operator ideal, e.g. ©p. 
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Lemma 2.2. Let H and K he linear operators in Ti such that p{H) Cl p{K) ^ 0. 
Moreover, let p > 0, m G N and Tm.k be as in (2.2), and assume that Tm,k{^o) G 
6p.oo(^) for some Aq G p{H) H p{K) and all k — 0,1, ... ,m — 1. Then 

{H - A)-™ - {K - A)-™ e 6p,oo(H) 

/or all Xe p{H)r\p{K). 

Proof. For A £ p{H) n define 

(2.4) Ex -.^ I + {X - Xo){H - X)-^ and i^A := / + (A - Ao)(A" - A)-^ 
The resolvent identity implies that 

(2.5) Ex{H - Ao)-i = (H - Ao)-i + (A - Xo)(H - Xy^H - Xo)-^ ^ {H - X)-^ 
and, similarly, 

(2.6) {K-Xor^Fx = (K-X)-\ 
By induction we obtain 

(2.7) E[{H - Xo)-' = {H - X)-' and (X - Ao)-'f{ = (/I - A)-' 

for all I e N. Set Di(A) (i7 - A)"! - {K - X)-\ X £ piH) n p(A'). Then (2.5), 
(2.6) and (2.4) imply that 

ExDi{Xo)Fx = Ex{H ^ Xo^Fx - Ex{K - Xo)-^Fx 
^{H-X)-^Fx-Ex{K-X)-^ 

(2.8) =iH- A)-i + (A - Xo){H - X)-\K - X)-^ 

- [K - A)-i - (A - Ao)(i/ - X)-\K - A)-i 
= D,{X). 

For /c = 0, 1 . . . , m - 1 and aU A G p{H) n p{K) we obtain from (2.7), (2.8) and the 
facts that E\ commutes with [H — Xq)^^ and F\ commutes with [K — Xo)~^ the 
following relation 

r„,,fe(A) = {H- A)-(™-^-i) A(A)(/^ - A)-'= 

= {H- X)-^'---''-'^ExD,{Xo)Fx{K - Xr" 

= E^-'^-^H - Xo)-^"'-''-'^ExD,{Xo)Fx{K - Xo)-''F^ 

= Ei'-^{H - x^y^'"'-''-^^ Di{Xo){K - Xo)-^f';_+^ 

= i?r"'T,„,,(Ao)F,^+i. 

By assumption, r,ri,fc(Ao) G ©p.oo, and hence we conclude that Tm,k{X) G 6p,oo for 
A: = 0, 1, . . . , m - 1 and A G p{H) n p{K). This together with (2.3) implies that 

m — 1 

{H - A)-™ - (X - A)-™ = T,„,fc(A) G 6p,oo(H) 

A:=0 

for aU A G /9(iJ) np(A'). □ 

The following lemma will be used in Section 4.2 to show that certain resolvent 
power differences are in some class &p,oo- 
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Lemma 2.3. Let H and K be linear operators in %, let K, he an auxiliary Hilbert 
space and assume that, for some Ao G p{H) H p{K), there exist operators B G 
B{IC,n) and C G B{n,IC) such that 

(2.9) {H - Xo)-' - {K - \o)-' = BC. 

Let a > and 6i, 62 > be such that a < 5i + 62 and set b := &i + 62 — a. Moreover, 
let r E N and assume that 

{K-\o)-'BE&.,^, 

(2.10) ° ' fc = 0,l,.. 

C(A--Ao)-^-G© 1 

ak + b2 ' 

Then 

(2.11) (i/-A)-'-(/i -A)-' g6^,^ 
for all A G p(i?) n p{K) and all I ^ 1,2, ... ,r. 

Proof. Wc prove the statement by induction with respect to I. Using the factoriza- 
tion in (2.9), the assumptions in (2.10) with fc = and Lemma 2.1 (i) we obtain 

{H - Ao)-i - (A' - Ao)-i =BCe 61,^ • 61,^ = e^.oo - 6^,oo- 

Now Lemma 2.2 with m ~ 1 imphes that 

(i/-A)-i-(if ~A)-i G6 . 

a + b ' 

for aU A G p{H) n p(A:), i.e. (2.11) is true for Z = 1. 

For the induction step fixmGN, 2<m<r and assume that (2.11) is satisfied 
for alH = 1, 2, . . . , m — 1. For fc = 0, 1, . . . , m — 1 let T^.k be as in (2.2), define 

D,{Xo) := (H - Xo)-' - [K - Ao)-^ ] G No, 

and write 

Tra,k{\Q) = {H- Xar^^-^-^-^^BC{K - Xo)-" 

(2.12) ^ Drn-k-i{Xo)BC{K - Xo)-'' 

+ {K - Ao)-(™-'^-^)sc(a: - Ao)-^ 

Note that Do(Ao) = 0. By assumption (2.10) we have 

SG©^.^, C(i^~Ao)-'^G6 1 

[K - Ao)-("-'^'-^'i? G 6 I ^, 

for fc=:0,l,...,m — 1. By the induction assumption we also have 

i?™-.-i(Ao)G6_i_,^ 

for fc = 0, 1, . . . , m — 1, and and hence we obtain with Lemma 2.1 (i) that the first 
summand in (2.12) is in 

where we used that 6 > 0. The second summand in (2.12) is in 

a{m — k — l)-\-h-^ ■ ak-\-b2 ' nm + b' 

Hence Tm^ki^a) G 6 ^ ^^"^ all fc = 0, 1, . . . , m — 1. Now Lemma 2.2 implies the 
validity of (2.11) for 7"= to. □ 
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2.2. Quasi boundary triples and their Weyl functions. The concept of quasi 
boundary triples and Weyl functions is a generalization of the notion of (ordinary) 
boundary triples and Weyl functions from [20, 26, 48, 57], which is a very con- 
venient tool in extension theory of symmetric operators. Quasi boundary triples 
are particularly useful when dealing with elliptic boundary value problems from an 
operator and extension theoretic point of view. In this subsection we provide some 
general facts on quasi boundary triples which can be found in [8] and [9]. 

Throughout this subsection let {%,{■, ■)'h) be a Hilbert space and let A be a 
densely defined closed symmetric operator in %. 

Definition 2.4. A triple {f/,ro,ri} is called a quasi boundary triple for A* if 
{Q, (•, ■)q) is a Hilbert space and for some linear operator T C A* witli T = A* the 
following holds: 

(i) Fq, Fi : domT — > Q are linear mappings and ran (p°) is dense in Q x Q; 

(ii) Aq := T \ kerFg is a self-adjoint operator in H; 

(iii) for all f,g £ domT the abstract Green's identity holds: 
(2.13) {Tf,g)n - {.f,Tg)n = (Fi/,Fo.g)e - (Fo/,Fig)c;. 

The following simple example illustrates the notion of quasi boundary triples for 
the Laplacian on a smooth bounded domain, see [8, 9], Section 3.1 and Proposi- 
tion 3.1. 

Example. Let 17 be a bounded domain with smooth boundary, A = —A with 
domA = H^{n), T = -A with domT = H^{n), let g = L^{dn) and define the 
boundary mappings as 

^af^d^flan, Fi/ = / G domT; 

where di, stands for the normal derivative with normal vector pointing outwards. It 
can be shown that the closure of T coincides with the adjoint operator A* = —A, 
doniA* = {/ e L^{Q) : Af G L^(17)}, and that the properties of (i)-(iii) in 
Definition 2.4 hold. Hence {L^((9il), Fq, Fi} is a quasi boundary triple for A*. 

We remark that a quasi boundary triple for the adjoint A* of a densely defined 
closed symmetric operator exists if and only if the deficiency indices n±{A) — 
dimker(yl* =F*) of A coincide. Moreover, if {Q, Fq, Fi} is a quasi boundary triple for 
A*, then A coincides with T \ (kerFo nkerFi) and the operator Ai := T \ kerFi is 
symmetric in Ti. We also mention that a quasi-boundary triple with the additional 
property ranFo = Q is a generalized boundary triple in the sense of [25, 27]. In the 
special case that the deficiency indices n±{A) of A are finite (and coincide) a quasi 
boundary triple is automatically an ordinary boundary triple. 

The following proposition contains a sufficient condition for a triple {Q,To,Ti} 
to be a quasi boundary triple, cf. [8, Theorem 2.3] and [9, Theorem 2.3]. The result 
will be applied in Sections 3.2 and 3.3. 

Proposition 2.5. Let % and Q be Hilbert spaces and let T be a linear operator in 
%. Assume that ro,ri: domT — > Q are linear mappings such that the following 
conditions are satisfied: 

(a) The range of (p'^) : domT Q x Q is dense and kerFo H kerFi is dense 
in %. 
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(b) The identity (2.13) holds for all f,g G domT. 

(c) T \ kcrFo is an extension of a self-adjoint operator Aq. 

Then A :~ T \ kcrFo n kcrFi is a densely defined closed symmetric operator in %, 
and {f/jFojFi} is a quasi boundary triple for A* with Aq = T \ kerFg. 

Next we recall the definition of the 7-field and the Weyl function associated with 
a quasi boundary triple {C/,Fo,Fi} for A*. Note first that the decomposition 

doniT = domAo + ker(T - A) = kcrFo + ker(T - A) 

holds for all A G p{Aq). Hence Fo \ ker(r — A) is invertible for all A G p{Aq) and 
maps ker(r — A) bijectively onto ranFo- 

Definition 2.6. Let {f/,Fo,Fi} be a quasi boundary triple for T — A* and Aq = 
T \ kerFo- Then the (operator- valued) functions 7 and M defined by 

7(A) := (Fo [ ker(r - A))"' and A/(A) := Fi7(A), A G p(^o), 

are called the ^ -field and the Weyl function corresponding to the quasi boundary 
triple {g,Fo,Fi}. 

The values of the Weyl function corresponding to the quasi boundary triple 
{L^(9ri), Fo, Fi} in the example below Definition 2.4 are Neumann-to-Dirichlet 
maps; cf. [8, 9], Section 3.1 and Proposition 3.1. 

The definitions of 7 and M coincide with the definitions of the 7-field and the 
Weyl function in the case that {C?,Fo,Fi} is an ordinary boundary triple, cf. [26]. 
Note that, for each A G p(^o), the operator 7(A) maps ranFo into % and M(A) maps 
ranFo into ranFi. Furthermore, as an immediate consequence of the definition of 
M{\) we obtain 

M(A)Fo/a = Fi/a, /AGker(T-A), A G /9(Ao). 

In the next proposition we collect some properties of the 7-field and the Weyl 
function; all statements are proved in [8]. 

Proposition 2.7. Let {C/,Fo,Fi} he a quasi boundary triple for T = A* with 
A{) = T \ kcrFo, j-field 7 and Weyl function M. Then, for A G p{Ao), the 
following assertions hold. 

(i) 7(A) is a densely defined bounded operator from Q into Ti with dom7(A) = 
ran Fo . 

(ii) The adjoint of j{X) satisfies 

j(xr = r,{Ao-X)-' eB{H,g). 

(iii) The values of the Weyl function M are densely defined (in general un- 
bounded) operators in Q with dom7\/(A) = ranFo o,nd rani\/(A) C ranFi. 
Furthermore, M(A) C M(\)* holds. 

(iv) //ranFo = Q, then M{\) G B{g). 

(v) If Ai = T \ kerFi is a self-adjoint operator in % and A G p{Aq) H p{Ai), 
then M{\) is a bijective mapping from ranFo onto ranFi. 

With the help of a quasi boundary triple and the associated Weyl function it is 
possible to describe the spectral properties of extensions of A, which are restrictions 
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oi T C A*. The extensions Aq are defined with the help of an abstract boundary 
condition by 

(2.14) Ae-^T\ kcr(ri - BTo) = T \ kcr(e-iri - Tq), 

where is a hnear operator in or a linear relation in Q, i.e. a subspace of G x Q, 
cf. [8] . The sums and products are understood in the sense of linear relations if Q 
or is not a (single-valued) operator. However, for our purposes the case that 
is a bounded linear operator on G is of particular interest and linear relations 
will not be used in the following. The next statement contains a variant of Krein's 
formula in this case; see [8, Theorem 2.8 and Theorem 4.8], [9, Theorem 3.7 and 
Corollary 3.9] and [11, Theorem 3.13]. 

Theorem 2.8. Let {Q, Tq, Ti} be a quasi boundary triple for T = A* with Aq = T \ 
kerFo, j-field 7 and Weyl function M. Furthermore, let B = B* = e B{G) 
and let 

(2.15) Ae^T\ kcr(sri - Tq) 

be the corresponding extension as in (2.14). Then, for A G p{Aq), the following 
assertions hold. 

(i) A G crp(yle) if and only z/kcr(/ — BM{X)) ^ {0}. Moreover, in this case, 
the multiplicity of the eigenvalue A of Aq is equal to dimker(/ — BM{X)). 

(ii) For all g G ran(Ae — A) and A ^ fTp(Ae) we have 

{Ae - A)-i.g - {Ao - Xy^g = 7(A) (/ - BM{X))-' BjiX)* g. 

If, in addition, ranPg — Q and A/(Ao) G 6oo(^) for some Aq G C \ K, then the 
operator Aq in (2.15) is self-adjoint inH, Krein's formula 

(2.16) (Ae - A)-i - (Ao - A)-i = 7(A) (/ - BA/(A)) ~'B7(A)* 
holds for all X G p{Aq) n p{Ao), and {I - BM{X))-^ G B{g). 

2.3. Sobolev spaces, traces and Green's identities. Throughout this paper 
Sobolev spaces and certain interpolation spaces play an important role. In this 
subsection we provide some necessary definitions and basic properties. The reader 
is referred, e.g. to the monographs [2, 51, 59, 62] for more details. 

Let r2 C K" be an arbitrary bounded or unbounded domain with a compact C°°- 
boundary d^). By H''{U,) and H'^{dVl), s G K, we denote the standard (L^-based) 
Sobolev spaces of order s of functions in Q, and dVL, respectively. The inner product 
and norm on are denoted by {■,-)s and || • ||s, for s = we simply write (•, •) and 
II • II, respectively. In order to avoid possible confusion, sometimes also the space 
is used as an index, e.g. (•,-)i^(n) and (•,-)i^(ao)- The Sobolev spaces of order 
fc G No of L°°-functions on Vt and dO. arc denoted by IV'='°°(rj) and W^^°°{dVL), 
respectively. The following well-known implications will be used later: 

/ G H''{n), g G W''^°°{n) =^ fge H''{n), k G No; 

(2.17) 

heH^{dVL),k^W^'°"{dVl) ^ hkeHHdn). 

For a function / on we denote by f\dn and d^floQ the trace and the trace 
of the normal derivative (with normal vector pointing outwards), respectively. For 
s > 3/2 the trace mapping 

(2.18) H%n) 3f^ {f\an,d.f\an} G H-'-^/\dn) x H'-^^\dn) 
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is the continuous extension of the trace mapping defined on C°°-functions. RecaU 
that for s > 3/2 the mapping (2.18) is surjcctive onto H'-^^^{dn) x H^-^/'^{dn). 
Besides the Sobolev spaces H^{Vl) the spaces 

equipped with the inner product (•,-)s + (A-,A-) and corresponding norm will be 
usefuL Observe that for s > 2 the spaces H^{H) and coincide. We also note 

that iJ^(n), s G (0, 2), can be viewed as an interpolation space between H^{^1) and 
H^{n), where the latter space coincides with the maximal domain of the Laplacian 
in L^(fl). By [59] the trace mapping can be extended to a continuous mapping 

(2.19) i?A(r!) 3f^ {.f\an,d,f\on} e H'-^/^dn) x H'-^^dn) 
for all s G [0,2), where each of the mappings 

H^il) 9 / ^ flan e W-^'\d^V), 
H^in) d.flon e H'-^/^{dn) 

is surjectivc for s G [0, 2). We also recall that the first and second Green's identities 
hold for all f,g e H^J^{n) and h G H^{n): 

(2.20) {-Af,h)^,^^^^ = (V/, V/i)^,(^,^^„^ - {d,f\on,h\9n)^..^,^^ 
and 

(2 21) (-^/'•9)L^(^.)-(/.-^3)L^(n) 

= {f\an,d^g\an)^2^Qn) ~ {^i^fldn, g\dn) i^2^Q^y 
cf. [42, 59] and, e.g. [11, Theorem 4.2]. 

2.4. Some local Sobolev spaces. Let S be a compact connected C°°-hypersurface 
which separates the Euclidean space R" into a bounded (interior) domain fij and 
an unbounded (exterior) domain Q^- In particular, S = dQi = dflc. For s > we 
use the short notation 

(2.22) i/"(M"\I]) := H-'{ni) © H'{n^) and H^(R"\S) := Hl{ni) e iJ^f^e). 

We denote by iJ|-(rii) with s > the subspace of L^(r2i) which consists of 
functions that belong to H'^ in a neighbourhood of E = dfli, i.e. 

iJ|:(17i) { / G £^(r2i) : 3 domain fi' C such that 

dn' D S and / r r^' G i7"(17')}- 

The space H^{ftc) is defined in the same way with fij replaced by fie- The local 
Sobolev spaces 7?|-(R") and iJ|;(R"'\I]) in the next definition consist of L^-functions 
which are H'^ in a neighbourhood of E or in both one-sided neighbourhoods of E, 
respectively. 

Definition 2.9. Let E, Hi, fio, and the spaces H^^i^i) and iJ|.(ilo), s > 0, be as 
above. Then we define 

7?|:(M") ;= {/ G L^{W') : 3 domain n' C R" such that 

17' D E and / r O' G H'{n')}, 

iJ^(R"\E) :=F^(l]i)®iy^(f2e). 
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It follows from the above definition that i?|;(M") C iJ|;(R"\S]) holds for all 
s > 0. 

For fc G No wc denote by W^'°°(J7i) the subspace of which consists of 

functions that belong to W'''°° in a neighbourhood of E = dili, i.e. 

W^'°°{ni) := {/ e 3 domain C fl^ such that 

dn' D s and / r f]' e w'^^'^in')}. 

The space W^'°^ {^le) is defined in the same way with ili replaced by fto- In analogy 
to Definition 2.9 we introduce the local Sobolev spaces W^-°°{E.") and W^-°°{W\J:) 
of L°°-functions which belong to W'''°° in a neighbourhood or both one-sided neigh- 
bourhoods of E, respectively 

Definition 2.10. Let E, fij, rJc, and the spaces W^'°°{ni) and W^^'°°(rJc), fc G No, 
be as above. Then we define 

1^2'°° (K") {/ e L°°(M"): 3 domain O' C M" such that 

O' D E and / f f^' £ W''-^{n')}, 

W^^''°°(M"\E) :^ VF^^°°(r!i) X w^'^^in,). 

Finally, we recall a well-known result about the 6p,oo property of bounded op- 
erators mapping into the Sobolev space i?'^^(E), where q2 > and E = = dQc 
is the (n — l)-dimensional compact connected C°°-hypcrsurface from above, cf. [50] 
and [11, Lemma 4.6]. 

Lemma 2.11. Let K be a Hilbert space, B e i3(/C, L^(E)) and let q2 > qi > 0. // 
ranS C iJ«^(E), then B belongs to the class & ^(/C, (E)). 

3. SeLF-ADJOINT SCHRODINGER OPERATORS WITH INTERACTIONS ON 

HYPERSURFACES 

In this section we define the Schrodinger operators with S and ^'-interactions on 
hypersurfaces with the help of quasi boundary triple techniques. These definitions 
coincide with the ones in the introduction and are compatible with those for one- 
dimensional (5-point interactions from [3, 4] and the definition of (5-interactions on 
manifolds via quadratic forms; see, e.g. [18, 35, 39, 41, 58]. We also determine the 
semi-bounded closed quadratic form which corresponds to the Schrodinger operator 
with a (^'-interaction on a hypersurface, which answers a question from [30] posed by 
P. Exner. As a byproduct of the quasi boundary triple approach we obtain variants 
of Krein's formula and the Birman-Schwinger principle. This section contains the 
complete proofs of Theorem A and Theorem B from the introduction. 

3.1. Notations and preliminary facts. Let E be a compact connected C°°- 
hypersurface which separates the Euclidean space M", n > 2, into a bounded 
(interior) domain 57i and an unbounded (exterior) domain fie with the common 
boundary dfli = dfl^ = E. Let 

(3.1) C = -A + V, 

where y is a real- valued potential from L°°(M"). The restrictions of C to the 
interior and exterior domains will be denoted, respectively, by 

Ci = C \ fli and Cc ~ C ] ilc- 
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For a function / G L^(M") we write / = /i ffi /c, where ,fi ~ f \ ili and /c = / \ ^o- 
Let us denote by (•,•), (•, Oii i'^')c and i-,-)^ the inner products in the Hilbert 
spaces L^(]R"), L^(f2i), L^(f2c) and L^(I]), respectively. When it is clear from the 
context, we denote the inner products in the Hilbert spaces i^(M"; C"), L^{ili; C"), 
and L^{^lc', C") of vector-valued functions also by (■, ■). (•, -ji and (•, •)o, respectively. 

The minimal operators associated with the differential expressions Ci and Cc are 
defined by 

Acfc^Ccfc, dom^o = -ffo(^o). 

The operators Ai and Ag are densely defined closed symmetric operators with infi- 
nite deficiency indices in L^(Oi) and L^{^lc), respectively. Hence their direct sum 

(3.2) A,c = Ai(B Ae, dom Ai,e = i?o(f^i) ® H^i^c), 

is a densely defined closed symmetric operator with infinite deficiency indices in 
the space L^(R") ~ L^{fli) © L^{fle). Furthermore, we introduce the operators 

and their direct sum 

Ti,e = Ti © Te, domTi,e = ijf '(M"\S), 

where the notation in (2.22) is used. It can be shown that A* ~ Ti, A* = To, 
and hence A*^ = Ti^c- Next we define the usual self-adjoint Dirichlet and Neu- 
mann realizations of the differential expressions Ci and Cc in L^(rii) and _L^(r2o), 
respectively: 

{f;eH\n,): /i|s = 0}, 

{/eeH2(f7e):/e|s=0}, 

{fieH\ni):d,Ji\^^0}, 

•e^e, ^uiM^N.c - {/c £ i^'(r!c): ^^Jels - O}, 

and their direct sums 

AdA,c = AD,i ©^D,e, 

domAoa.c = {,/ e i/2(M"\E) : f.\^ = f^\^ = q}, 



^D,i/i 


= A/i, 


dom Ad i 






dom Ad,c 


^N,i/i 


- A/i, 


dom An,! 






dom An,c 



(3.3) 
and 
(3.4) 



AnJ.o = ^N.i ffi AN,e, 

dom^Na.c = {/ e i?'(M"\S) : - a.jcls = O}, 



which are self-adjoint operators in L^(IR"). Finally, we denote the usual self-adjoint 
(free) realization of £ in L'^{W) by 

(3.5) At^ccf^Cf, domAft,e = H'(IR"). 

In the next proposition we define quasi boundary triples for A* and A*, and 
recall some properties of the associated 7-fields and Weyl functions; see [8, Propo- 
sition 4.6] and [11, Theorem 4.2]. For brevity we discuss the interior case j = i and 
the exterior case j = c simultaneously. 
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Proposition 3.1. Let Ai, Ac, Ti, Tc, Aua, ^d,c, ^N,i and An, e be as above. Then 
the following statements hold for j = i and j = e. 

(i) The triple Hj ~ {L^(I]), Foj , Fi j}, where 

is a quasi boundary triple for A* . The restrictions of Tj to the kernels of 
the boundary mappings are the Neumann and Dirichlet operators: 

Tj \ kerFoj = Anj , Tj \ kerFij = Adj ; 

the ranges of the boundary mappings are 

ranFo.j = and raiiFij = H^{T,). 

(ii) For A £ p{Af^j) and ip £ the boundary value problem 

(3.6) -A)/, =0, d,Jj\^=ip, 

has the unique solution ^j{\)ip 6 H^'^{Q,j), where 7j is the ^-field associ- 
ated with Ilj. Moreover, 7j(A) is bounded from into L'^{Q,j). 

(iii) For A G (O(Anj) the Weyl function Mj associated with Ilj is given by 

where fj = 'yj{X)ip is the solution of (3.6). The operators A/j(A) are 
bounded from L'^{T') to H^(Yi) and compact in L'^iYi). If, in addition, 
A G /9(j4dj), then Mj{X) is a bijective map from L'^{Ti) onto H^{Ti). 

The operators Mi(A) and A/c(A) in Proposition 3.1 (iii) are the Neumann-to-Dirichlet 
maps associated with the differential expressions £i — A and Cc — A, respectively. 

3.2. Schrodinger operators with (5-interactions on hypersurfaces: self- 
adjointness, Krein's formula and i/^-regularity. In this section we make use 
of quasi boundary triples to define and study the Schrodinger operator Ag^a asso- 
ciated with the formal differential expression Cs^a = —A + V — a{Ss, ■) in (1.1). 
It is convenient to use the symmetric extension 

(3.7) A:^At,ccnAuA,e = C \ {f e H^{«")- /i|s = /ds = 0} 

of the orthogonal sum Ai^c in (3.2) as the underlying symmetric operator for the 
quasi boundary triple. Furthermore, 

(3.8) f := Ti,e r {/i ® /e € Hi/'(K"\S): = /c|s}. 

acts as the operator on whose domain boundary mappings are defined in the next 
proposition. The method of intermediate extensions is inspired by the general 
considerations for ordinary boundary triples in [24. Section 4]. We remark that the 
quasi boundary triple and Weyl function below appear also implicitly in [5] and 
[66, Section 4] in a different context. 

Proposition 3.2. Let the operators A, T, j4D,i,e, ^N.i.e and Ai^ee be as in (3.7), 
(3.8), (3.3), (3.4) and (3.5), respectively, and let Mi and Mc be the Weyl functions 
from Proposition 3. 1 . Then the following statements hold. 
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(i) The triple H ~ Fq, Fi}, where 

ro/ = a,je|E + a,ji|E, ri/ = /|s, / = /i©/e e domf, 

is a quasi boundary triple for A* . The restrictions of T to the kernels of 
the boundary mappings are 

f \ kerfo ^ Aficc and f \ kcrFi = AD,i,e, 
and the ranges of the boundary mappings are 

(3.9) ranro = L2(i;) and ranfi = i7^(S). 

(ii) For A G p(Afi.(,o) and ip e -^^(S) the transmission problem 

(3.10) (/:-A)/ = 0, /e|s = /i|s, 9.Jc|s + 9.Ji|s = <y9, 

/las t/ie unique solution 7(A)v3 e i/^/^(]R"\E), w/iere 7 is i/ie ^ -field asso- 
ciated with n. Moreover, 7(A) is bounded from i^(E) to L^(IR"). 

(iii) For A £ p(y4fi.oo) the values M(A) of the Weyl function associated with H are 
bounded operators from i^(E) to H^(Yj) and compact operators in L^(S). 
//, in addition, A £ p{A-D,i.c), then M{X) is a bijective map from i^(E) 
onto H^{T,). Moreover, the identity 

(3.11) M(A) = (Afi(A)-i +Me(A)-i)"' 

holds for all A G /5(Afrco) n p{Abxc) n p(AN,i,c). 

Proof, (i) First note that the boundary mappings Fq, Fi are weU defined because of 
the properties of the trace mappings (2.19). We show that the triple H satisfies the 
conditions (a), (b) and (c) in Proposition 2.5. For condition (a), let tp G i/^/^(S) 
and G if3/2(i;) be arbitrary. By (2.18) there exist /; G H'^ifli) and /c G H^iil^) 
such that 

Since H^{W"\T.) C i7^/^(M"\E), we have / := /i ® /c G domf and Fq/ = ip, 
Tif — ijj. Hence 

i?i/2(I]) xi73/2(s) cran(^~°^, 

which implies that the first item in (a) of Proposition 2.5 is satisfied; the second 
item is clear. Next let / = /i © /o and g ~ gi © gc be two arbitrary functions in 
domT. From Green's identity (2.21) we obtain the following two equalities: 

(71/i,.gi)i - (/i,7i.gi)i = {fi\^,d^,gi\^)^ - {d^Ji\j:, gi\s)j,, 

{Tefe,ge)c - (/c,T'c.gc)o = (./c | S , <9i.^.9c | s) ^ (<9i.^ /o | S , ffc | s) • 

Since the functions / and g in dom T satisfy the boundary conditions /j | s = /c | e = 
/Is and = ffds = ff|s, we have 

, {Tf, g) - (/, Tg) = (Ti/i, gi)i - (/;, T;g{); + {T^fc, gc)c - (./c, Tc,9c)c 
(3.12) 

= {fk,d^i9ik + d„^9c\T.)^ - (S^i/ils + d^Jc\^,g\s)^, 
which shows that condition (b) of Proposition 2.5 is fulfilled. Since the restriction 
T \ kerFo contains the self-adjoint operator Afroe, also condition (c) is satisfied. 
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Hence we can apply Proposition 2.5, which impHes that T \ (kcrFo H kcrFi) is a 
densely defined closed symmetric operator, that the triple 11 ~ Fq, Fi} is 

a quasi boundary triple for its adjoint and that Aftco — T \ kerFo. Note that the 
operator T \ kerFi is symmetric by (3.12) and it contains the self-adjoint operator 
AD,i,e- Therefore these operators also coincide. Hence we get 

f \ (kerFo n kcrfi) = (f \ kerFo) n (f \ kerFi) = A-ec n vloa.c = A. 

Since, for j = i and j = e, the mapping fj i— ^ is surjective from H^^(D,j) 
onto -ff^(S) and the mapping fj n> di,.fj\s is surjective from H^'^{ftj) onto i^(S), 
it follows easily that ranFi = H^{Y,) and that ranFo C L^(I]). In order to see 
that Fo maps surjectively onto L^(E), let us fix an arbitrary x S C^(M") such 
that X = 1 on an open neighbourhood of fii. Let SL be the single- layer potential 
associated with the hypersurface S and the differential expression — A + 1; see, 
e.g. [62, Chapter 6] for the definition and properties of single-layer potentials. By 
[62, Theorem 6.11, Theorem 6.12 (i)], for an arbitrary ip € L^(E), the function 
/ :— xSL(^ belongs to domT and satisfies the condition 

hence Fg/ = (p, and thus ranFo = ^^(5^)- 

(ii) For A G p(^froc) the 7-ficld 7(A) associated with the quasi boundary triple 
n maps ranFo = ^^(S) onto kcr(T — A) by Definition 2.6 and Proposition 2.7 (i). 
Hence / = /i©/e := j{X)p satisfies {C~X)f = 0, / G H^/^{W'\J:) and /;[£ = f,\^. 
Furthermore, 

V? = fo7(A)(/p = fo/ = 9,Je|s + d,Ji\^ 

and hence / = 7(A)(/3 is the unique solution of the problem (3.10). 

(iii) Definition 2.6, Proposition 2.7 (iv) and (v) and (3.9) imply that M(A) is a 
bounded operator from i^(I]) into H^(T,) for A G p(Afrco) and that it is bijectivc for 
A e /5(^froc) np(^D,i,c)- The compactness of M(A) in i^(S) is a consequence of the 
compactness of the embedding of i?^(S) into L^(E); see, e.g. [71, Theorem 7.10]. 

In order to prove the identity (3.11), let A G p(Afroe) n p(AD,i,c) n p(ylN,i,o). For 
such A the operator M(A) is invertible, and the same holds true for Mi(A) and 
Me(A); cf. Proposition 3.1. If M{X)ip ~ -0 for some Lp G L'^{T.) and -0 G H^(E), 
then there exists an / = /i /o G kcr(r — A) such that 

Fo/ = ip and Fi/ = ip. 

As fi G kcr(Ti - A) and /o G kcr(rc - A), wc have 

ro,i/i = A/i(A)-iFia/i = A/i(A)-V, 

ro,c/c = A/e(A)-lFi,e/e = A/c(A)- V, 

and hence 

M(A)-V = = + a.jcis = ro,i/i + Fo,c/c 

= A^i(A)-V + ^^c(A)-V• 
Since this is true for arbitrary tp G i/^(I]), relation (3.11) follows. □ 



18 



J. BEHRNDT, M. LANGER, AND V. LOTOREICHIK 



Remark 3.3. Assume for simplicity that the potential V in the differential expres- 
sion C in (3.1) is identically equal to zero. In this case the 7-ficld 7 and the Weyl 
function M in Proposition 3.2 are, roughly speaking, extensions of the acoustic 
single-layer potential for the Helmholtz equation. In fact, if G\, A S C \ R, is the 
integral kernel of the resolvent of Afree, then for all (p € C°°(I]) we have 



(7(A)^)(x) = / G^{x,yMy)day, x £ R"\I], 

and 

{M{X)^)ix) - / G,{x,yMy)d 



where ay is the natural Lebesgue measure on S. For more details we refer the 
reader to [62, Chapter 6]; see also [21, 22]. 

We repeat the definition of a Schrodinger operator with 5-potential from the 
introduction and relate it to the quasi boundary triple 11. 

Definition 3.4. For a real- valued function a G L°°(E) the Schrodinger operator 
with ^-potential on the hypersurface E and strength a is defined as follows: 

As,a := T \ ker(ari - Fq), 

which is equivalent to 

As,c..f ■■= -A/ + Vf, 

^^■'^^ domA.,.:=|/ei?f (M"\E): /''^ = '^^'p = , )• 

The definition of As^a is compatible with the definition of a point (5-intcraction in 
the one-dimensional case [3, Section 1.3], [4] and the definitions of the operators with 
i5-potentials on hypersurfaces given in [6, 67] and in [18]; see also Proposition 3.7. 
Note also that the domain of As^a is contained in i?^(R"'); cf. Proposition 3.7. 



T^A* 

Afrcc 

^ i,e — e 

A,o C I C As,a C f C Ti,e 



^D,i,e 



Figure 1. This figure shows how the operator Ag^a is related to 
the other operators studied in this section. The operators Afroo, 
As^a. and ^D,i,e are self-adjoint. 

The next theorem contains a proof of self-adjointness of Ag^a and provides a 
factorization for the resolvent difference of As^a and Afree via Krein's formula; cf. 
[18, Lemma 2.3 (iii)]. Item (iii) in Theorem 3.5 can be viewed as a variant of the 
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Birman-Scliwinger principle; it coincides with the one in [18]. The first item of 
Theorem 3.5 is part of Theorem A in the introduction. 

Theorem 3.5. Let As^a be as above and let A^cc be the self-adjoint operator defined 
in (3.5). Let J and M be the "/-field and the Weyl function associated with the quasi 
boundary triple U from Proposition 3.2. Then the following statements hold. 

(i) The operator A^ ^ is self-adjoint in the Hilbert space L^(R"). 

(ii) For all A e p{As^a) H p(^froc) the following Krein formula holds: 

[As^^ - A)-i - (Aft.ee - A)-i - 7(A) (/ - aM(A))~'«7(A)*, 

where (/ - aM{\))-^ G B{L'^{Y.)). 

(iii) For all X E ^ \ a{Afj-cc) we have 

X&(Jp{As,c.) ^ Oeap{L-aM{X)) 
and dimkeT {As _a ^ A) = chmker(/ — aM(X)). 

Proof. Under our assumptions on the function a the operator of muhiphcation 
with a is bounded and self-adjoint in the Hilbert space L^(S). The values of the 
Weyl function M are compact operators in L^(I]); see Proposition 3.2 (iii). Now 
the assertions (i)"(iii) follow from Theorem 2.8. □ 

The next theorem gives assumptions on a, which ensure that the domain of the 
self-adjoint operator Ag^a has iJ^-regularity in K"\E. This theorem is the first part 
of Theorem B in the introduction. Recall that W^'°°{T,) is the Soboloev space of 
order one of L°° functions on S; cf. Section 2.3. 

Theorem 3.6. Let Ag^a be the self-adjoint Schrddinger operator in Definition 3.4 
and assume, in addition, that the function a : S — S- M belongs to W^'°°{T,). Then 
domAs^a is contained in _ff^(K."\I]). 

Proof. For any function / e domA^,^ we have / G domT C H^^'^{W\T). Then 
by Proposition 3.2 (i) 

ri/ei?i(i]). 

The definition of the operator As^a, the assumptions on the smoothness of a and 
the property (2.17) imply that 

(3.14) fof = afifeH\^). 
Let us fix A e C \ M. By the standard decomposition 

(3.15) domT = domAfrco + kcr(f -A) 

the function / G domA^.Q can be represented in the form / = /free + fx, where 
/free G domAftee and f\ G kcr(T — A). It is clear that 

/ft.ee e H'(K") C i72(R»\E). 
Relation (3.14) and Aftco = T \ kerPo yield 

(3.16) ro/A-fo/Gi/i(I]) Ci/i/2(S). 
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The properties of the trace map in (2.18) show that Tq maps the space domT n 
H'^{R"\Y.) onto H^/'^{T), and hence (3.15) imphes that fo maps 

ker(f -A)ni72(R"\I]) 

bijectively onto H^/'^{T). This observation and (3.16) show fx e H'^{W^\T), and 
therefore / = /free + h e i/2(M«\s). □ 

It fohows from the proof that for Theorem 3.6 to hold it is sufficient that the 
multiphcation by a maps i7^(I])-functions into iJ^/^(E). 

A common method to define self-adjoint Schrodinger operators with ^-interactions 
on hypersurfaces makes use of semi-bounded closed sesquilinear forms. For this 
consider the sesquilinear form 

(3.17) a5^„[/,g] = (V/,Vg) + (y/,g)-(a/|s,5|E)s, f,geH\«^). 

As it is shown in [18], for a real-valued a £ L°°(S) and a real-valued V G L°°(R"), 
the form as,a is semi-bounded, closed and symmetric. The first representation 
theorem — see [56, Theorem VI. 2.1] or [64, Theorem VIII. 15] — yields that a 
unique self-adjoint operator As^a in L^(M") corresponds to the form as^a in the 
sense that 

{■A5,af,g) = ci<5,q[./, ff] for aU / e AoTLiAs.a and g e doma^^Q = H^{W^). 
In the next proposition we show that our approach leads to the same operator. 

Proposition 3.7. The self-adjoint Schrodinger operator As.a in Definition 3.4 
and the self-adjoint operator Ag^a corresponding to the sesquilinear form in (3.17) 
coincide. 

Proof. First we show the inclusion dom^^^^ C doma^^Q. For this let / = /i © /c G 
domA^ Q,. According to (3.13) we have, in particular, 

/iei/3/2(O0ci/i(f^i), fc e H^^Hn,) C H\n,), and /i|E = /e|s. 

Making use of [2, Theorems 5.24 and 5.29] a standard extension argument implies 
that / e iJ^(]R") and hence domA^^Q, C doma^.Q. 

Next let / = /i © /e 6 dom As.a and g = 5i © ffe G domo^^a. Then as,a[f,g] is 
well defined. By the first Green's identity (2.20) we have 

(V/i, Vgi)i - (9.Ji|s,.9i|E)E = (-A/i,.9i)i, 

(V/e, Vge)o - (<9^e/o|s,go|s)s = (-A/c,ge)e- 

Using this and the relation a/|s = 9^^/c|e + d^i.fi\Y: we obtain 
asAf.g] = (V/, V.g) + (y/,.g)- 

= (V/i, Vgi)i + (V/e, V.ge)c + {Vf,g) - {d,Ji\^, gi\^)^ - (9.Jc|s, gels)^ 

= (-A/i, gOi + (-A/e, ge)c + (Vf, g) = ((-A + y)/, g) . 

Now the first representation theorem (see [56, Theorem VI. 2.1]) implies that / G 
dom^^ Q and As.af ~ ^A/ -I- Vf; thus As.a C As.a- Since both operators As^a 
and As,a are self-adjoint, we conclude that Ag^a = As.a- D 
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3.3. Schrodinger operators with (5'-interactions on hypersurfaces: self- 
adjointness, Krein's formula and if^-regularity. In this section we make use 
of quasi boundary triples to define and study the Schrodinger operator Ag'^/B as- 
sociated with the formal differential expression Cs.a — —A + V — P{S'-^, ■) 6'^ in 
(1.1). The methodology and presentation is very much the same as in the previous 
section. We mention that to the best of our knowledge a systematic treatment 
of (5'-potentials on hypersurfaces is not contained elsewhere; see the list of open 
problems in [30]. 

In analogy to (3.7) and (3.8) we define the symmetric extension 

(3.18) A := ^free n ^N,i,c = C\{fe i?2(M») : d,^.n\^ = d^^Mj: = 0} 

of the orthogonal sum ^i,o, defined in (3.2), which will serve as the underlying 
symmetric operator for the quasi boundary triple in the next proposition, and the 
operator 

(3.19) f := Ti.e r {/i © /e e ffi/'(]R"\E): 9,Je|s + = O}. 

We remark that the quasi boundary triple and Weyl function below appear also 
implicitly in [66, Section 4] in a different context. 

Proposition 3.8. Let the operators A, T, AD,i,e; ^N,i,e cind Af^ee be as in (3.18), 

(3.19) , (3.3), (3.4) and (3.5), respectively, and let Mi and Me be the Weyl functions 
from Proposition 3. 1 . Then the following statements hold. 

(i) The triple ft = {L'^{T.),Vo,fi} , where 

fo./ = a,.,/c|s, ri/ = /e|E-/i|s, / = /i®/eedomf, 

is a quasi boundary triple for A* . The restrictions of T to the kernels of 
the boundary mappings are 

T \ kerFo = AiM,i.c and T \ kerFi = Afree, 

and the ranges of the boundary mappings are 

ran To = L^(S) and ranfi = -ff^(S). 

(ii) For A G p(^N,i.c) Cind Lp G i^(S) the problem 

{c-x)f = o, a^jels = = ^, 

has the unique solution 'y{X)ip G H^'^{W^\Y.), where 7 is the j-field asso- 
ciated with n. Moreover, 7(A) is bounded from i^(S) to L^(IR"). 

(iii) For A G p(AN.i,c) the values M(A) of the Weyl function associated with 
n are bounded operators from i^(S) to H^(Y1) and compact operators in 
L^(E). If, in addition, A G p{Afrce), then M(A) is a bijective map from 
L^(S) onto H^(Y.). Moreover, the identity 

(3.20) M(A) = A'/i(A) + Me(A) 
holds for all A G p(j4N,i.c)- 

Proof, (i) One can see that 11 is a quasi boundary triple for A* in a similar way 
as in the proof of Proposition 3.2 (i). Basically, the same argumentation as before 
yields that T \ kerFo = ^N,i,c, T \ kerFi = ^fioo and also that rauFo = i^(I]), 
rauFi C iJ^(I]). Further we show surjcetivity of Fi onto iJ^(I]). Fix a function 
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X G C(j"(R") as ill the proof of Proposition 3.2, i.e. such that x = 1 on an open 
neighbourhood of fij. Let DL be the double-layer potential associated with the 
hypersurface S and the differential expression — A + 1; see, e.g. [62, Section 6] for 
the discussion of double-layer potentials. By [62, Theorem 6.11, Theorem 6.12 (ii)] 
for an arbitrary ip G H^{Y?) the function / := xD\^Lp belongs to domT and satisfies 
the condition 

/c|s - /i|s = V: 

hence Fi/ = (p, and thus ranFi = H^(J1). 

(ii)-(iii) The properties of the 7-field 7 and the Wcyl function M follow from 
Proposition 2.7 in the same way as in the proof of Proposition 3.2 (ii)-(iii). Wc only 
verify the identity (3.20). For this let A G p(AN,i,e), so that the operators Afi(A), 
Me(A) and M(A) all exist; cf. Proposition 3.1. If M{\)ip = ip for some (p e 
and ip e then there exists / = /i ffi /c G kcr(r — A) such that 

Fo/ = tp and fx/ = -0. 

As /i e ker(ri - A) and /o £ ker(rc - A), we have 

Fia/i - M(A)Foa/i = -M(A)<^, 

Fl,e/c = Me(A)Fo,c/c = Me(A)(^, 

and hence 

M(A)(^ = /cIs - /ils = Mc(A)^ + Afi(A)^. 
Since this is true for arbitrary ip 6 relation (3.20) follows. □ 

Remark 3.9. Assume for simplicity that the potential V in the differential expres- 
sion C in (3.1) is identically equal to zero. Note that the problem in (ii) is decoupled 
into an interior and an exterior problem. Let, as in Remark 3.3, G\ be the integral 
kernel of the resolvent of ^free- Then for all ip G C°°(S]) 

(7(A)M(A)-V)(2:) = / [d,^^y)Gxix,y)]t^{y)day, x e M"\E, 



and 



(A/(A) V)(a;) = -<9,.i(x) / [d,y,(y)Gxix,y)]ip{y)day, a; G E, 



s 



where d,^^(^x) ^^nd are the normal derivatives with respect to the first and 

second arguments with normals pointing outwards of fii, and ay is the natural 
Lebesgue measure on S. Note that the operator 7(A)A/(A)^^ is, roughly speaking, 
an extension of the acoustic double-layer potential for the Helmholtz equation, see, 
e.g. [62, Chapter 6]. The representation of M(A)~^, given above, appears also in 
[66] in a slightly different context. 

We repeat the definition of the Schrodingcr operator with (^'-potential from the 
introduction and relate it to the quasi boundary triple II. 

Definition 3.10. For a real- valued function /3 such that 1//3 G L°°(E) the Schrodinger 
operator with ^'-potential on the hypersurface E and strength /3 is defined as fol- 
lows: 
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which is equivalent to 

As'pf := -A/ + Vf, 

The definition of As'_i3 is compatible with the definition of a point J'-intcraction 
in the onc-diniensional case [3, Section 1.4], [4] and the definition of the operator 
with (5'-potentials on spheres given in [6, 68]. Note that, in contrast to the domain 
of As^a, the domain of Ag/^ij is not contained in i7^(R"). 

^N,i,e 

O 

Ai.c c A c As'^p 
^ A, 



f = A* 

^ i,c — ^i.o 

C f C Ti,e 



Figure 2. This figure shows how the operator As'.js is related to 
the other operators studied in this section. The operators AN,i,c, 
As'^p and Afree are self-adjoint. 

The next theorem is the counterpart of Theorem 3.5 and can be proved in the 
same way. Theorem 3.11 shows the self-adjointness of As'^p and provides a factor- 
ization for the resolvent difference of As'^p and j4N,i,o via Krein's formula and a 
variant of the Birman-Schwinger principle. The first item of the next theorem is 
part of Theorem A in the introduction. 

Theorem 3.11. Let As',p be as above and let An.i.o be the self-adjoint operator 
defined in (3.4). Let 7 and M be the j- field and the Weyl function associated with 
the quasi boundary triple 11 from Proposition 3.8. Then the following statements 
hold. 

(i) The operator Ag/jj is self-adjoint in the Hilbert space L^(R"). 

(ii) For all A G p{Asi^p) n p(AN,i,o) the following Krein formula holds: 
{As>j3 - A)-i - (AN,i,e - A)-i = 7(A) (/ - /3-iM(A))"V"'7(A)*, 
where (/ - I3-^M{\))-^ e 6(^^(2)). 

(iii) For all X £ ^ \ (7(An j g) we have 

and dimkcT{As'j3 - A) = dimker(/ - l3^^M{\)). 

The next theorem gives assumptions on /3 which ensure that the domain of the 
self-adjoint operator As'^/3 has iJ^-regularity. This theorem is the second part of 
Theorem B in the introduction. 
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Theorem 3.12. Let As'^p be the self-adjoint Schrodinger operator in Definition 3.10 
and assume, in addition, that the function /?: E — > M is such that G 
Then dom^^'^^ is contained in i7^(M"\E). 

Proof. The proof proceeds as the proof of Theorem 3.6 with As^cn ^free, To, Fi 
and a replaced by Asi^p, ^N,i,e, 7", Tq, Fi and respectively. Instead of the 

decomposition (3.15) one has to use the decomposition 

domT = dom AN,i,o + ker(f - A), A G C \ M. 

□ 

3.4. Semi-boundedness and point spectra. In this section we show that the 
self-adjoint operators Ag.a and Agijj arc lower semi-bounded, and that in the case 
V = Q their negative spectra are finite. We recall some preparatory facts on semi- 
bounded quadratic forms first. 

Definition 3.13. For a (not necessarily closed or semi-bounded) quadratic form q 
in a Hilbert space % we define the number of negative squares k_ (q) by 

K_ (q) := sup { dim F : F linear subspace of dom q 

such thatV/ e {0}:q[/] < O}. 

Assume that A is a (not necessarily semi-bounded) self-adjoint operator in a 
Hilbert space % with the corresponding spectral measure Ea{ ). Define the possibly 
non-closed quadratic form Sa by 

SA[f] {Af,f)u, dovaSA dom A. 

If, in addition, A is semi-bounded, then by [56, Theorem VI. 1.27] the form s^i is 
closable, and we denote its closure by 5^4. According to the spectral theorem for 
self-adjoint operators and [15, 10.2 Theorem 3] 

(3.22) dimrani?^(-oo, 0) — K-{sa) = K-(sa). 

In particular, if k-{sa) is finite, then the self-adjoint operator A has finitely many 
negative eigenvalues with finite multiplicities. 

In the case V = Q we write — — A^/ ^g and — Afj-oo instead of As,a, Agt^ and 
Afree. Now we are ready to formulate and prove the main results of this section. 
The next theorem is part of Theorem A in the introduction. We mention that 
finiteness of the negative spectrum in the case of (5-potcntials on hypersurfaces was 
also shown in [18] by other methods. 

Theorem 3.14. Let a,l3: T, ^ R be such that a, 1//3 e L°°(E) and let the self- 
adjoint operators — A^^^ and — A^'^^ be as above. Then the following statements 
hold. 

(i) cross(~A5,Q) = acssi-As',13) = [0,00). 

(ii) The self-adjoint operators — A5.Q and — A^'^^ have finitely many negative 
eigenvalues with finite multiplicities. 

Proof, (i) According to Theorem 4.3 in Section 4.2 below the resolvent difference 
of the self-adjoint operators — A5 q, and — Afroc is compact; thus 

acssi-^S,a) = Cross(-Aft.oo) = [0, CX)). 
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Analogously, according to Theorem 4.5 below the resolvent difference of the self- 
adjoint operators — A^/.^ and — Aftoo is also compact. Hence 

(Toss(-A5/,/3) = (Tcss(-Afrcc) = [O,0o). 

(ii) Let us introduce the (in general non-closed) quadratic forms 

S-As.Af] {-^s,af,.f), dom(s_A^,„) := doni(-A5^„), 

S-A,,^ [/] := {-^5'j3f, f), dom(s_A,,^) := doni(-A5,;3). 

Applying the first Green's identity (2.20) to these expressions and taking the def- 
initions (3.13), (3.21) of the domains of the operators —As^a, — A^/^^ into account 
we obtain 

S-A..J/]= (-A/i,/i);+(-A/e,/e)^ 

= (V/i,V/i)i- (a,Ji|s,/i|s)5,+ (V/e,V/e)^- (a,Je|s,/c|E)s 

= (V/,V/)-(a/|s,/|s)5, 

and 

S-A,,,[/] = (-A/i,/0. + (-A/e,/e), 

= (V/i,V/i).-(a,./i|E,/i|s)5.+ (V/e,V/e)^- (a,Je|s,/o|s)s 
= (V/,V/)+(rl(/e|E-/i|E),/i|s)5,-(rn/o|s-/i|E),/e|E)s 
= (V/, V/) - {r\fck - /ils), /c|s - fib)^. 

For a bounded function ct : S — > M define the quadratic form qo- 

q.[/] := (V/, V/) - (a/i|s,/i|s)s - (fr/ds, /cls)^, 
domq,, := H\R"\Y.). 

It follows from [12, Theorem 6.9] (cf. the proof of Proposition 3.15 below) that the 
form q„ is closed and semi-bounded, and the self-adjoint operator corresponding to 
c\cr has finitely many negative eigenvalues with finite multiplicities. Thus, by (3.22), 
we have K-{qa) < oo. It can easily be checked that 

dom(s_Ai.„) C dom(q|„|/2) and V / G dom(s_A,,„): S-As,„[/] > q|a|/2[/]- 
Using the inequality \a — 6p < 2(|ap + |fo|^) for complex numbers a, b we obtain 

dom(s_A,,„) C dom(q2/|^|) and V / G dom(s_A,,^): s^A,,Jf] > 

These observations yield that 

K_(s_Ai,„) < K_(q|„|/2) < oo and k_(s_a5,^) < K_(q2/|0|) < oo. 

From this and (3.22) it follows that the negative spectra of — A^- ^ and — A^/ ^g are 
finite. □ 

In the following proposition the (closed) sesquilincar form t-A^, ^ which induces 
the self-adjoint operator —Agi p is determined. This was posed as an open problem 
in [30, 7.2]. Note that, by the first representation theorem, t_A^,^ is the closure of 
the form 

s-A,, ^ [/, g] = {-As'jf, g), f,g e dom(-A5',^), 
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defined in the proof of Tlieorem 3.14. For completeness we mention tliat Propo- 
sition 3.15 extends naturally to the Schrodinger operator As'^j3 with non-trivial 
V e L°°(M") and the corresponding quadratic form. 

Proposition 3.15. The sesquilinear form 

a5'Af,9] (V/,V5) - (r'(/c|s - ffds - 51^)^ 

defined for f,g € lf^(M"\S) is symmetric, closed and semi-bounded from below. 
The self-adjoint operator corresponding to as\/3 is — A^'^^, i.e. 

{-As',i3f,g) = as',t3[f,g] 

holds for all f G dom(-A5.,^) and g G H^{W'\J:). 

Proof. Since /3 is a real-valued function, it follows that the form as^p is symmetric. 
In order to show that it is closed and semi-bounded, we consider the forms 

a[/,5]:=(V/,V.g) and a'[/,g] := -(/3-i(/e|s - /i|s),3c|s - 5i|s)s 

on so that a^',^ = a -I- a' holds. Note that t is closed and non-negative. 

Let t £ (i, 1) be fixed. Since the trace map is continuous, there exists Ct > such 

that ||/i|s||i/t-i/2(s) < ct||/i|lff'(s^i) "^^^^"^ ^ -H^H^i)- Hence it follows 

from Ehrling's lemma that for every e > there exists a constant Ci(e) such that 

(3.23) ll/ilslls < ctllfiUnno < eWMmm + a{e)\\A\\mn,) 

holds for all /i G H^ifli). We decompose the exterior domain in the form ftc — 
ric,i U f2o.2, where flc.i is bounded, is unbounded, and the C°°-boundary of 
r2e,i is the disjoint union of S and dflc.2- The restriction of a function /o to f2e,i is 
denoted by /c,i. Then again the continuity of the trace map and Ehrling's lemma 
show that for every e > there exists a constant Co{s) such that 

||/c|s||s = ||/o,i|s||s < ll/oalas^ci lU^iaOe.i) 

(3.24) < e||/c,i||HMa,,i) + C^c(£)||/c,iIIl=(o„,i) 

< e||/c||ffi(f2„) + C'c(£)||/c||L2(Oe) 

holds for all /c G H^iflc)- The estimates (3.23) and (3.24) yield that the form a' is 
bounded with respect to o with form bound < 1 . and hence as\p = o -I- a' is closed 
and semi-boimded by [56, Theorem VI. 1.33]. The remaining statement follows from 
[56, Theorem VI. 2.1] and similar arguments as in the proof of Proposition 3.7. □ 

Items (i) and (ii) in the next theorem are part of Theorem A in the introduction. 

Theorem 3.16. Let a,/3: S ^ M &e such that a, 1//3 G L°°(T,) and let V G 
i°°(R") be a real-valued potential. Moreover, let the self-adjoint operators As_a, 
and Aftoc be as in (3.13), (3.21) and (3.5), respectively. Then the following 
statements hold. 

(i) 0'oss(^5,a) = 0'oss(^d"',/3) ~ fcss (^froo) • 

(ii) Both self-adjoint operators As^a and As'jj are lower semi-bounded. 

Proof, (i) The equality of the essential spectra follows from the stability of the 
essential spectrum under compact perturbations and Theorems 4.3 and 4.5 below. 

(ii) By Theorem 3.14 (ii) the operators —As^a and —As'.g are bounded from 
below. The operator of multiplication with the function V is bounded and self- 
adjoint. Thus the operators As,a and As'.p are bounded from below. □ 
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4. Resolvent power differences in ©p^oo-classes, existence and 
completeness of wave operators 

In this section we compare the powers of the resolvents of the singularly per- 
turbed self-adjoint Schrodinger operators Ag^a and As'^f; with the powers of the 
resolvents of the unperturbed Schrodinger operator Afroo- This leads to singular 
value estimates, which have a long tradition in the analysis of elliptic differential 
operators, cf. [12, 13, 14, 49, 55] and the recent contributions [10, 11, 52, 53, 61] 
for more details. In this section we prove Theorem C and Theorem D from the 
Introduction in a slightly stronger form. 

4.1. Elliptic regularity and some preliminary ©p oo-estimates. In this sec- 
tion we first provide a typical regularity result for the functions (^froe — ^)~^ f and 
(^N,i,c — ^)~^f if / and V satisfy some additional local smoothness assumptions. 
This fact is then used to obtain estimates for the singular values of certain compact 
operators arising in the representations of the resolvent power differences of the 
self-adjoint operators Ag^a, As'^js, Afree and AN,i,e- In the next lemma we make 
use of the local Sobolev spaces W^^'°°(M"), and i?^(M"), i?|(E"\E) 

defined in Section 2.4. 

Lemma 4.1. Let Ahcc and^N.i.c be the self-adjoint operators from (3.5) and (3.4), 
respectively, and let m £ No . Then the following assertions hold. 

(i) // V e M^™'°°(R"), then, for all A S p(Afrcc) and fc = 0, 1, . . . , m, 

/ei/i(M") =^ (Afrcc - A)- V e H^+^M"). 

(ii) IfV (z W^'°°{W\T.), then, for all A G p{A^xc) and k ^ 0,1, ... ,m, 

/ei/|(R"\S) =^ (AN,i.e-A)-Vei7^+2(R"\I]). 

Proof. We verify only assertion (i); the proof of (ii) is similar and left to the reader. 
We proceed by induction with respect to k. For fc = the statement is an immediate 
consequence of i7°(R") = L^{m") and domAfrec = H^{R"). Suppose now that the 
implication in (i) is true for some fixed k < m and let / G i/^^^(R"). Then, in 
particular, / G iJ|;(R") and hence 

u := (Aft.ee - A)-V G ff^+2(M") G H^+\R") 

by assumption. As fc + 1 < ?7i and V G W^'°°(R"), it follows from (2.17) that 
Vu G iJ^+^(R"). Therefore f ~ Vu e H^+^K"), and since the function u satisfies 
the differential equation 

-Am - f -Vu in K" 

standard results on elliptic regularity yield u G i7^^^(R"); see, e.g. [62, Theo- 
rem 4.18]. □ 

An application of the previous lemma yields the following proposition, in which 
we provide certain preliminary ©p. oo-estimates that arc useful in the proofs of our 
main results in the next subsection. 

Proposition 4.2. Let A^ee and AN,i,e be the self-adjoint operators from (3.5) and 
(3.4), respectively, and let 7 and 7 be the ^-fields from Propositions 3.2 and 3.8, 
respectively. Then for a fixed m G No the following statements hold. 
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(i) IfV e then, for all A, /i G p(Atrcc) and k = 0,1, ... ,m, 

(a) 7(M)*(^frcc - A)-'^ e Gr^^^{L\R-),L\^)), 

2k-j~3/ 2 ' 

(b) 7(m)* (^frec - A)-^ e S^_^ (L2(M"), (S)) , 

(c) (Aft.ec - xr'iii^) e e^^^{L\j:),L\R-)). 

(ii) // y G W'^"'°°(]R"\S]),, f/ien, /or A, ^ G p(AN,i,o) anrf fc = 0, 1, . . . , m, 

(a) 7(M)*(^N,i,c - A)-^ G &_^,^{L\W^),L^i:)), 

(b) 7(A^)*(AN,i,c - A)-'^ G S^_^(L2(M"),i/i(I])), 

(c) (AN,i,c - A)-^7(m) e ©^,o,(L^(S),L^(M")). 

Proof. Wc prove assertion (i); the proof of (ii) is analogous. As ran(j4froc — A)^^ = 
domAfree = if^(M") C -ff|;(]R") WC conclude from Lemma 4.1 (i) that the inclusion 

ran((Af,ee -P)"'(^frec " A)"'^) C H^'^+^iR") 

holds for all k = 0,1, ... ,m. Moreover, since by Proposition 3.2 we have Afree = 
T \ kerFo, Proposition 2.7 (ii) implies that 

7(M)*(^frcc - A)-' = Pi (Aft.ee -M)-^(Afrcc - A)"'^ 

and hence 

(4.1) ran(7(M)* (Aft.ee - A)-'=) C ij2^+3/2(S) 

by the properties of the trace map Fi, cf. (2.18). Now the estimates in (a) and (b) 
follow from (4.1) and Lemma 2.11 with /C = L'^{R"'), = 2A: + | and with qi = 
for (a) and qi = I for (b), respectively. The estimate in (c) follows from (a) by 
taking the adjoint. □ 



4.2. Resolvent power differences for the pairs {As.a, A{^cc}i {A^'^^jAftco} 
and {A^'.^, AN,i.o}- In the next theorem we prove ©p.oo-properties of resolvent 
power differences for the sclf-adjoint operators As. a and Aftcc. The theorem and 
its corollary are parts of Theorems C and D in the introduction. 

Theorem 4.3. Let a G L°°(E) be a real-valued function on E, and let As^a and 
Aftee be the self-adjoint operators defined in (3.13) and (3.5), respectively. Assume 
that V G W'|""^'°°(R") for some m G N. Then 

{As.a - A)-' - (Aft.ee - A)"' G ©^^^(^'(K")) 

for all I ~ 1,2, ... ,m and for all A G p{As_a) H p(Aftco). 

Proof. We prove the theorem by applying Lemma 2.3. Fix an arbitrary Ao G C \ M, 
and let 7, M be as in Proposition 3.2. By Theorem 3.5 the resolvent difference of 
As^a and Aftcc at the point Aq can be written in the form 

(A,> - Ao)-^ - (Aft.ee - Ao)-^ - 7(Ao)(/ - aM(Ao))"'a7(Ao)*, 



SCHRODINGER OPERATORS WITH S AND ^'-POTENTIALS 



29 



where (/ ~ aM{Xo)y^a £ B{L'^{Y,)). Proposition 4.2 (i) (a) and (c) imply that the 
assumptions in Lemma 2.3 are satisfied with 

H = As,a., K = Af,,„ B-7(Ao), C = (/ - aM(Ao))"'a7(Ao)*, 



u, — - , 1^1 — ~ T J ' — 

n — 1 n — I 

Since b = bi + b2 — a = j^^, Lemma 2.3 imphes the assertion of the theorem. □ 

The previous theorem has a direct appHcation in mathematical scattering theory. 
Consider the pair {As^a, ^frco} of self-adjoint operators as a scattering system; here 
Aficc stands for the unperturbed operators and As^a is singularly perturbed by a 
(5-potential of strength a supported on the hypersurface S. It is well known (see, 
e.g. [56, Theorem X.4.8]) that if, for some m G N, the difference of the mth powers 
of the resolvents of As_a and Afrcc is a trace class operator, i.e. if 

(A„ - Ao)-" - (Afrec - Ao)-" e 6i 

for some Aq G p{As^a) H p(^frco), then the corresponding wave operators 

VF±(A5.„Afrec) s-lim e^*^^-e-**^f-Pac(Afree) 

t—>±oo 

exist and are complete, i.e. the strong limit exists everywhere and the ranges co- 
incide with the absolutely continuous subspace of the perturbed operator As.a- 
Here -Pac(^free) denotes the orthogonal projection onto the absolutely continuous 
subspace of the unperturbed operator Afi-co- This implies, in particular, that the 
absolutely continuous parts of As^a and Afree are unitarily equivalent and that 
the absolutely continuous spectra coincide: (7ac(^5,a) = o'ac(^free), cf. [56, Theo- 
rem X.4.12, Remark X.4.13] and [65, 72]. 

The next corollary shows that for sufficiently smooth potentials V the wave 
operators of the scattering system {As^a, Af^cc} exist in any space dimension. 

Corollary 4.4. Let the assumptions be as in Theorem 4.3. If V G W^-°°{R") for 
some even k and k > n ~ 4, then the wave operators W±{As^a., Afree) exist and are 
complete, and hence the absolutely continuous parts of As_a and Afi-cc are unitarily 
equivalent. 

In particular, if V ~ 0, then W±{As^aT^free) exist and are complete for any 
n>2 and a^dAs.a) = [0,cxd). 

In the next theorem we prove 6p_oo-properties for resolvent power differences of 
the self-adjoint operators As'^p and Afree- The theorem and its corollary are the 
second parts of Theorems C and D in the introduction. The formulation given 
below is a bit stronger than the one in the introduction. 

Theorem 4.5. Let 13 be a real-valued function on S such that 1//3 G i°°(E), and let 
Agi^jS and roe be the self-adjoint operators defined in (3.21) and (3.5), respectively. 
Assume that V G W^'""^'°°(]R"\E) for some m G N. Then 

{As,p - A)-' - (Afrec - A)-' G 6^,^(i^M")) 

for all I ~ 1,2, ... ,m and for all A G p{As'.i3) D p(^fioc)- 

Proof. First we apply Lemma 2.3 to the difference of the Ith powers of the resolvents 
of Afieo and AN,i,e- Fix an arbitrary Aq G C \ K and let 7 and M be the 7-field and 
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Weyl function associated with the quasi boundary triple in Proposition 3.8. Since 
the operators Aftoo and An.i.o are both self-adjoint, in analogy to (2.16) we have 

(Afrec - Ao)-^ - (AN,i,c - Ao)-i = -7(Ao)M(Ao)-^7(Ao)*; 

see [11, Corollary 3.11]. Furthermore, by Proposition 2.7 (v) and Proposition 3.8 (iii) 
the operator il/(Ao) is bijective and closed as an operator from Li^{^) onto H^{Yi). 
Hence domM(Ao)^^ = and M(Ao)~^ is closed as an operator from H^{T,) 

into L2(S). Thus, we can conclude that M(Ao)-^ S B{H^{E), L'^{T,)). Set 

H:=Ah,„ X:=^N,i,c, B := -7(Ao), C M(Ao)-'7(Ao)*- 

Then Proposition 4.2 (ii) (b) and (c) imply that the assumptions in Lemma 2.3 are 
satisfied with 

2 ^ 3/2 ^ 1/2 



Since b = bi+b2— a = 0, Lemma 2.3 implies that 

(4.2) (Afce - A)-' - (^N,i,c - A)-' e 6^,^(i'(M")) 

for all A e p{Ahcc) n /9(AN,i,c) and all / = 1, 2, . . . , m. This observation together 
with Theorem 4.8 shows that 

(4.3) {As>,p - A)-' - (Af„e - A)-' e e^^^{L'{Wn) 

for ain = 1, 2, . . . , TO and for all A G p{As',i3) D p(^frco) H p(^N,i.c)- As the resolvent 
power difference in (4.3) is analytic in A, it follows that (4.3) holds also for those 
points A S p^As'^p) H p(Afroc) which are isolated eigenvalues of ^N,i,c; note that we 
know already that the essential spectra of AN,i,o, As'jj and A^cc coincide because 
the relations (4.2) and (4.3) are true at least for non-real A. □ 

Remark 4.6. We note that in (4.2) it is shown that the difference of the TOth 
powers of the resolvents of A^ee and A^ i e belongs to the class 6 ^-i ^ provided 

V G W^^"-^'°°(R"\S). This is a slight improvement of a result in [12]. For infinitely 
smooth V the asymptotics of the singular values have been studied in [13, 14] and 
[49]. 

The following corollary is the counterpart of Corollary 4.4 for the scattering 
system {As',i3,Ahcc}- 

Corollary 4.7. Let the assumptions be as in Theorem 4-5. If V € W^'°°{M.'^\T,) 
for some even k and k > n — 3, then the wave operators W±(As'^/3, Ahee) exist 
and are complete, and hence the absolutely continuous parts of As'jj and Af^cc are 
unitarily equivalent. 

In particular, if V ~ 0, then W±{As'.i3, Afj-ce) exist and are complete for any 
n>2 and crac(^5',^i) = [0,oo). 

The next result on the (Sp^oo-propcrties of the resolvent power differences of 
As'^/s and AN,i,o completes the proof of Theorem 4.5, but is also of independent 
interest. We do not formulate the corresponding corollary for the scattering system 

{^a',/3,^N,i,o}- 
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Theorem 4.8. Let (3 be a real-valued function on S such that 1/(3 £ L°°(E), 
and let As'.p and AN,i,c be the self-adjoint operators defined in (3.21) and (3.4), 
respectively. Assume that V G W^™~^'°°(M"\I]) for some m G N. Then 

for all I = 1,2, ... ,m and all A G p{As>_fj) n p(AN,i,c) 



{As,p - A)-' - (An,,c - A)-' G &^, jL'm) 



Proof. As in the proofs of Theorem 4.3 and 4.5 fix Aq G C \ R and let 7 and 
M be the 7-field and Weyl function associated with the quasi boundary triple in 
Proposition 3.8. By Theorem 3.11 the resolvent difference of ^5',/3 and AN,i,e at the 
point Aq can be written in the form 

{As>,p - Xo)-' - (^Na.c - Ao)-i = 7(Ao)(/ - /?-iM(Ao))"V"'7(Ao)*, 

where (/ - ;3-iM(Ao))"^/3"^ G B{L^{'S)). Proposition 4.2 (ii) (a) and (e) imply 
that the assumptions in Lemma 2.3 are satisfied with 

H^As.,0, i^ = ^N,i,c, S = 7(Ao), C= (/-/?-^M(Ao))"V"'7(Ao)*, 

2 3/2 

01 = 62= 



n — 1 n — 1 

Since 6 = 61 + 62 — a = Lemma 2.3 implies the assertion of the theorem. □ 
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